Tabular RL cheat sheet - DP, MC and TD (Sutton & Barto, ch. 4-6)

Equation numbers match the book (2nd ed.). Algorithms are condensed paraphrases of the book's boxes. p(s’, r | s, a) is the model; 1 is the policy.

The big picture: two ways a target can differ

one step,
then bootstrap

all the way to
the episode’'s end

QO state @ action

Chapter 3 recap:

return

recursive return
state value

action value

v from q

q from v
Bellman for v (4.4)
Bellman optimality (4.1)

Bellman optimality (4.2)

optimal policy

Terms in one line

Prediction
Control

GPI
Bootstrapping
Sampling
On-policy
Off-policy

sample one path expected over all branches
(learn from experience) (needs the model p)
TD DP
ch. 6 ch. 4
MC exhaustive
ch. 5 search

¢ (to the end of every branch)

M terminal Backup diagrams: an update flows from the bottom of each tree up to its root.

returns, values, Bellman equations
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7. (s) = arg max, (s,a)

each

estimate v_or q_for a given, fixed policy n

find a good (optimal) policy, usually via GPI

evaluation and improvement pushing each other toward m,, v,
the target uses current estimates of other states' values

the target uses one sampled transition instead of the full model
learn about the same policy that generates the data

learn about target n from data generated by behavior b

DP vs MC vs TD at a glance

DP MC TD
Needs the model p(s’, r | s, a) yes no no
Learns from sampled experience no yes yes
Bootstraps (target uses V) yes no yes
Target expected 1 step full return G, R + yV(S)
When it updates sweeps over states episode end every step
Continuing tasks yes no yes
Relies on the Markov property yes no yes
Target noise none (exact) high variance low variance
Target bias only via V unbiased biased until V fits
Prediction methods policy evaluation first/every-visit TD(0)
Control methods policy / value iter. MC ES, e-soft, off-pol. Sarsa, Q-learning

Every update has the same shape

general rule

policy evaluation (4.5)

value iteration (4.10)

constant-a MC (6.1)
TD(0) (6.2)
Sarsa (6.7)

Q-learning (6.8)
Expected Sarsa (6.9)
Double Q (6.10)

step sizes (w.p. 1)

NewEstimate <— OldEstimate + a[Target — OldEstimate]

> m(al$)d pls',r|s,a)fr+yvi(s")]

a s',r
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DP targets are exact expectations (no a needed: it replaces the value). At a terminal state, V=Q = 0.

Exploring starts
e-soft / e-greedy
Coverage
Importance ratio
Batch updating
Maximization bias

Afterstate

every (s, a) pair has a chance to begin an episode

every action = €/|A|; e-greedy is the greediest €-soft policy

n(als) > 0 must imply b(a|s) > 0 for off-policy learning

p = product of m(A|S)/b(A|S) over the actions that matter

sweep a fixed dataset repeatedly, applying summed increments (page 5)
max of noisy estimates overestimates; fixed by double learning (p. 5)

position right after your move, before the uncertain part



Chapter 4 - Dynamic Programming

Needs the full model p(s’, r | s, a). Sweeps over states with expected updates; no sampling, but it bootstraps.

4.1-4.4 - Formulas

Bellman for v_(4.3) Vr(8) =Ex[Ry 11 +70:(Si 1) | St = 5]

vr1(8) = ;w(a \ S)Zp(s’, r|s,a)lr+yop(s")]

s

policy evaluation (4.5)

Qk+1(sa CL) = § \27(5,,7“ | S,Cl)
s'r

r+yY m(a|s') gi(s' a’)
a/

same, for q

Gr(s.a) =Y p(s',r|s,a)[r +vs(s")]

s'yr

qr(s5,7'(8)) > vs(s) for all s

q from v (4.6)

improvement thm (4.7)

= (4.8) v (8) >vg(s) for all s

greedy policy (4.9) m'(s) = argm(?XZP(Sl7 r|s,a)[r + v (s')]
s, T

)

value iteration (4.10) U4 1(8) = mgXZP(S’, s, a)[r+yvp(s)]
s, r

5

Qk+1(87 a’) = § :p(sla r | 5, (1) [T+an?’qu(8/7 a/)]
a

s'\r

same, for q,

)

If greedy improvement leaves n unchanged, v_satisfies the Bellman optimality equation (4.1): mis optimal.

v, — v_(and value iteration - v,) whenever y < 1 or every episode is guaranteed to terminate.

4.5-4.7 - ldeas without new formulas

Asynchronous DP: update states in any order, one at a time and in place, as long as
every state keeps getting updated. Lets you focus on relevant states or learn while acting.

Generalized policy iteration (GPI): policy evaluation and policy improvement interact at any
granularity. Almost every RL method (MC, TD) is GPI with approximate evaluation.

Efficiency: polynomial in |S| and |A|, versus |A|!®! deterministic policies for direct search.
The catch is the curse of dimensionality: |S| grows exponentially with the number of state variables.

Linear system: (4.4) is |S| equations in |S| unknowns, solvable directly; iteration scales better.

&

Iterative policy evaluation

Input: policy ; threshold 6 > 0 (a small number)
Init: V(s) arbitrary for every s, with V(terminal) = 0
Repeat (one sweep):
A<0
for each state s:
v « V(s)
Vis) 2 nlal )2 _p(s's |5, a)lr +V(s")
A <« max(4, [v — V(s)|)
untilA <6
In place (one array): new values are used as soon as they're computed. Usually converges faster.

§4.1:V=v_

&

Policy iteration

1. Init: V(s) and a deterministic n(s) arbitrary for every s
2. Evaluate: run iterative policy evaluation for the current m, using a = n(s):

W(s) + Z:p(s', r|s,m(s))[r+V(s")] until A <6

3. Improve: stable « true
for each state s:
old « m(s)

7(s) argmaapr(s’, r|s,a)[r++V(s")]
if old = n(s): stable « false

if stable: stop and returnV = v, m = n,; else go to 2
Break argmax ties consistently, or the loop can switch forever between equally good policies.

843 -m=m,

Value iteration

Input: threshold 6 > 0
Init: V(s) arbitrary for every s, with V(terminal) = 0
Repeat:
A«<0
for each state s:
v « V(s)
W(s) + mgmep(s', r|s,a)[r+V(s")]
A <« max(4, |[v — V(s)|)
until A <0

Output 7(s)=arg m(?,pr(s/, r|s,a)[r+Ws")]

One sweep of evaluation plus improvement at once: the max replaces the average over m.

844 -m=m,




Chapter 5 - Monte Carlo methods

No model: learn from complete sampled episodes. Targets are actual returns, so no bootstrapping; episodic tasks only.

5.1-5.4 - Prediction and on-policy control

MC estimate V(s) = \'T(s)| Z G; (average of observed returns)

teT(s)
visits counted T(s): first visits per episode (first-visit) or all visits (every-visit)
incremental mean V(s) < V(s) +ﬁ[Gt —V(s)]

constant-a MC (6.1) V(S;) < V(Sy) + |Gy — V(Sy)]

greedy policy (5.1) 7(s) = argmaxq(s, a)
why it improves qﬂk(& 7Tk+1(8)) = mgqum_ (87 CL) > Uﬂk(s)
€-soft m(a|s) >¢€/|A(s)| for all s,a

ma|s)=1—€e+—S—ifa=A", else

€
e-greedy [A(S)]

IA( )|
€-soft improvement (5.2): W e-greedy w.r.t. ., many &-soft policy

ZW $)qx(s,a) |A‘Zq,r(s a —i—(l—e)maxq,r s, a) Zﬂ

8) qr(8,a) =v,(s)

The = holds because the max beats any weighted average with weights (n(a|s) — €/|A])/(1 — €) = 0.

Result: converges to the best e-soft policy, not the truly optimal one (decay ¢ for that).

5.5-5.6 - Off-policy prediction by importance sampling
coverage m(a]s)>0 = bla|s)>0

T-1
(A | Si)
kljtb(Ak | Sk)

E[,Ot:Tfth | Sy = 3] :UW(S)

Z pe-1t) —1 G

ratio (5.3) PiT—1= (the dynamics cancel)

corrects returns (5.4)

ordinary IS (5.5) _ teT(s)
=7
Z pe-1it)—1 Gy
weighted IS (5.6) Ws) =T
Z Pt:T(t) -1
teTl(s)
incremental (5.8) Vig1=Va +—[G Vi, Chy1=C,+W,y1, Co=0

Ordinary IS: unbiased (first-visit), but its variance can be infinite.
Weighted IS: biased (the bias -» 0 with more data), much lower variance; usually preferred.

5.8-5.9 - Starred sections (lower-variance off-policy)

flat partial return Gin=Ris1+Riio+ .. +R,

discounting-aware: split Gt into flat partial returns, then use ratios only up to each horizon h

-1
Gi=(1-9) 3 "

h=t+1

7lét:h +7T7tilét:T

Elpe.r— 1R 1] =E[p. 4 R 1]
per-decision return, used in V(s) = 2 Gt/ [T(s)| (5.15)
Gi=piiRic1+7001Riv 2+ Vi 2Revs+ oo 97 o 1 Ry

per-decision (5.14)

-

~
First-visit MC prediction

Input: policy n. Init: V(s) arbitrary; Returns(s) « empty list
Loop for each episode:
generate an episode with m: S, Aj, Ry, ..., S
Ge«0
fort=T-1,T-2, ..., 0 (backward):
Ge<vyG+R,,
if S, is not among S, ..., S,_ (first visit):
append G to Returns(S,); V(S,) « average(Returns(S,))
Every-visit MC: drop the first-visit check. Both converge to V.

A R

T-1 “T-1 O

§5.1:V=v_

Vs

Monte Carlo ES (exploring starts)

Init: ni(s) arbitrary; Q(s, a) arbitrary; Returns(s, a) « empty list
Loop for each episode:
pick S, A, at random so that every pair has probability > 0
generate an episode from S, A, then follow n
G« 0; fort=T-1, ..., 0:
G« yG+ R,
if (S,, A) is a first visit in this episode:
append G to Returns(S,, A)); Q(S,
n(S,) « argmax, Q(S,, a)

A)) < average

§85.3'rm=m,

.

On-policy first-visit MC control (e-soft)

Input: small € > 0. Init: m any e-soft policy; Q arbitrary; Returns empty
Loop for each episode:
generate an episode following 1
GeO0;,fort=T-1, ..., 0:
Ge<vyG+R,,
if (S, A) is a first visit:
append G to Returns(S,, A)); Q(S,, A)) « average
A* < argmax_ Q(S,, a) (ties broken arbitrarily)
make m e-greedy at S.: 1 — € + €/|A| for A*, g/|A| otherwise

§85.4-m=m,

.

/
Off-policy MC prediction (weighted IS)

Input: target policy n. Init: Q(s, a) arbitrary; C(s, a) « 0
Loop for each episode:
b « any policy with coverage of m; generate an episode following b
GO, Wel
fort=T-1, ..., 0, while W = 0O:
G« VG + R, ;i C(S, A) «C(S, A) +W

t+17
QS Ap) < Q(Sy, Ar) + G —Q(S, Ay)]

m(A; | Sp)
b(A; ] Sh)

With m = b, W stays 1 and this is ordinary every-visit MC with 1/n averaging.

cEnl

W+ W-

§5.6-Q =~q,

J

.

Off-policy MC control

Init: Q(s, a) arbitrary; C(s, a) « 0; n(s) < argmax, Q(s, a)
Loop for each episode:
b < any soft policy; generate an episode following b
GO We1;fort=T-1,..,0:
G« VYG+ R, ;i C(S,A) «C(S, A) +W

t417
Q(S:, Ar) < Q(S, Ar) + G —Q(S:, Ar)]

_W
C(S;, Ay)
n(S,) « argmax, Q(S,, a) (ties broken consistently)
if A, # n(S)): stop this episode's loop

W« W /Db(A, | S,) (mis greedy, so n(A/|S,) = 1)

Learns only from the tails of episodes after the last non-greedy action: can be slow.

§5.7-m=m,

~




Chapter 6 - Temporal-difference learning

No model, like MC; bootstraps, like DP. Updates after every step, so it works online and on continuing tasks.

6.1-6.3 - Prediction

constant-a MC (6.1) V(Sy) < V(Sy) + oG, — V(S)]

TD(0) (6.2) V(Sy) <= V(S;) + a[Ry 1 +YV(Se 1) — V(Sy)]
MC's target (6.3) U (8) =EL[Gt | Sy = 5]

DP's and TD's (6.4) Vr(8) =EL[Ry i1 +70:(Si 1) | St =]

TD error (6.5) 0 =Ry +9V(Si41) — V(Sy)

T—
Gy —V(S) = Z'yk’ték (if V'is fixed during the episode)
k=t

MC error (6.6)

V(s) = average observed return from s

W(s)=r(s) + ’yzp(s’ | s) V(s") (certainty equivalence)

batch MC converges to

batch TD converges to

TD(0) converges to VA in the mean for a small constant «, and with probability 1 when a decays
with Za = », Za? < «. TD is usually faster than constant-a MC on stochastic tasks (not proven).

6.4-6.7 - Control

Sarsa (6.7) Q(Sy, Ay) < Q(Sy, Ar) + Ry 11 +7Q(Si 1, Ari 1) — Q(Sr, Ay)]

Q-learning (6.8) Q(Si, Ay) + Q(Sy, Ay) + o [Rt+1 +’)’m§XQ(St+1 ya) — Q(Sy, At)]
Expected Sarsa (6.9)

Q(Si, A) + Q(S;, Ar) +a[Rm +4) (@l Sii1)Q(Sii1,a) fcg(St,At)}

Double Q-learning (6.10), with Q1 and Q2 swapped half the time
Q1(S:, Ay) — Q1(S4, Ay) + [Rt+1 +7Qs (St+la argmngl (St41, a)) —Q1(S, At)]

E [mng(s, a)] 2mgxq(s, a) if each @ is unbiased but noisy

ElQ:(A7)]=q(A™)

maximization bias

double estimator A* =argmaxQ (a),

Control methods side by side

next-action term policy type learns (fixed €) note
Sarsa Q(S', A'), A’ taken on-policy q of e-greedy safer (cliff)
Expected Sarsa X n(a|S’) Q(S, a) either qgofm less variance
Q-learning max Q(S’, a) off-policy q. max bias
Double Q Q2 at argmax Q1 off-policy q. no max bias

Example 6.4: batch MC vs batch TD on eight episodes
Data: A, 0, B, 0 once; B, 1 six times; B, 0 once (y = 1).
Both: V(B) = 6/8 = 0.75.

Batch MC: V(A) = 0, the one observed return from A (best fit to the returns seen).

Batch TD: V(A) = 0.75, since A always led to B with reward 0 (fits the Markov model).

TD's answer is the certainty-equivalence estimate and usually generalizes better.

.

Double Q-learning

Init: Q1, Q2 arbitrary, with Q(terminal, -) =0
Loop for each episode: initialize S
Loop for each step, until S is terminal:
choose A from S, e-greedy in Q1 + Q2; take A, observe R, &
with probability 0.5:
Q1(S, A) = Qu(S, A) + a[R+7Qs (8", argmaxQ; (5, a)) — Qi (S, A)]

else: the same with Q1 and Q2 swapped

S¢S
One table picks the action, the other scores it. Twice the memory, same work per step.

§6.7 - Q1 = Q2 = q,

a4 N\
Tabular TD(0) §6.1-V=v_
Input: policy i; step size a € (0, 1]

Init: V(s) arbitrary for every s, with V(terminal) = 0
Loop for each episode: initialize S
Loop for each step, until S is terminal:
A « action given by n for S; take A, observe R, S’
V(S) + V(S) + a[R+~VS") — 9]
S¢S
. J
~
Sarsa (on-policy TD control) §6.4-Q = q,
Input: o € (0, 1], small € > 0. Init: Q arbitrary, Q(terminal, -) = 0
Loop for each episode: initialize S; choose A from S (e-greedy in Q)
Loop for each step, until S is terminal:
take A, observe R, S’; choose A" from S’ (e-greedy in Q)
Q(S,A) < Q(S, A) + a[R+1Q(S", A") — Q(S, A)]
S« S, A« A (A really is the next action taken)
Converges to i, q, if every pair is visited infinitely often and € decays to 0 (GLIE).

. J
" N
Q-learning (off-policy TD control) §6.5- T ~m,

Input: o € (0, 1], small € > 0. Init: Q arbitrary, Q(terminal, -) = 0
Loop for each episode: initialize S
Loop for each step, until S is terminal:
choose A from S (e-greedy in Q); take A, observe R, §’
Q(S,A)+Q(S,A) +« [R + ’YméiXQ(S, ,a) —Q(S, A)}
S « S’ (the next action is chosen fresh, after the update)
Learns q, whatever the behavior policy, as long as it keeps trying every (s, a).
. J
~
Expected Sarsa §6.6
Same loop as Q-learning; only the target changes:
Q(S, A) < Q(S, A) +a [R+ Qa}r(a 15"Q(S",a) — Q(S, A)}
1 can be the behavior policy (on-policy) or another one (off-policy).
m greedy = exactly Q-learning.
Removes the randomness of sampling A’, so it tolerates larger a than Sarsa.

\ _J

~




Bias, variance and batch updating
Why MC and TD behave differently with limited data (§6.2-6.3), plus the other bias-variance trade-offs in chapters 5 and 6.

-
Bias and variance of each target Batchiupdating §6.3
definitions bias = E[target] — v, (s), variance = Var[target] Given: a fixed set of episodes; a small step size «
total error E[(target — v, (s))?] = bias? 4 variance Repeat (or.we sweep over the whol.e dataset): |

hold V fixed, and compute the increment for every time step t:
MC: unbiased E[Gi| Sy =s]=v,(s) MC: oG, —V(S)]  TD(0): a[Ris1+AV(Sis1) — V(S))]

TD: biased by the error of V at the next state (zero once V = vn)
Ex[Ry 1+ WS 1) [ Sp=8] —va(s) =vER V(S 1) —0x(Si41) | Sr = 8]

MC target = TD target (in brackets) + every later TD error, from (6.6) with V held fixed
Gy =V(S) + 8] + Y041+ 720 s0+ .. +97 1 or

T—t-1

why variance grows Var|Gy] =02 Z 7% (independent rewards, variance 0% each)
k=0

MC's target carries the randomness of every remaining step. TD's carries one step, then a fixed

number V(S, ) that already averages many past visits. DP has no sampling noise at all.

-

for each state s, add up the increments from all of its visits
apply each state's sum once
until V stops changing

The answer depends only on the data: not on a (if small enough) and not on the initial V.
Holding V fixed within a sweep is the same idea as frozen targets and target networks.

Where batch MC converges

TD's bias shrinks as V improves; MC's variance never does. That's why TD usually learns faster. one sweep Vk+1(3) = Wc(s) +a Z (Gt - Vk(s))
t:S;=s
stops when Z (Gi—=W(s))=0 = V’(S)Zﬁ Z G, =G(s)
t: 5 =s S t:Sy=s

Exact toy: when does TD's target beat MC's?

10 steps left, y = 1, a fixed path, each reward random with variance 1,
and V wrong by e at every state. Error? of each target = bias? + variance:

equivalently V=arg m‘}nZ(Gt —W(S;))? (least squares on the data)
t

error per sweep Vis1(s) — G(s) = (1 — aN(s))(Vi(s) — G(s))

target bias variance e=0.5 e=2 e=3.5 Converges when 0 < aN(s) < 2 (smoothly when aN(s) < 1): that's what “a small enough” means.
TD(0) e 1 1.25 5 13.25
5-step e 5 5.25 9 17.25
Where batch TD(0) converges
MC 0 10 10 10 10
Best target in green: TD wins while |e| < 3, i.e. once V is even roughly right. one sweep Vir1(s)=Vi(s) +a Z (Ri1+Vi(Si1) — Vi(s))
Early in learning V can be far off, so TD starts biased; as V improves its error drops toward b:5=s
variance 1, while MC stays at 10. n-step methods (ch. 7) and A slide between the two. stops when Z (Rt+1 +7V(St+1) _ V(s)) -0
t: S, =s
/
Other bias-variance trade-offs in chapters 5 and 6 group by next state ﬁ > WSii) =D _Ps'|s)Us'), p(5'|3)_%
S t:S;=s s S
dinary IS (5.5 biased; vari be infinite (Example 5.5 A . ) _
ordinary IS (5.5) unbiased; variance can be infinite (Example 5.5) et Ws) = #(s) +’YZP(SI 1$)Ws'), #(s) = mean reward leaving s

weighted IS (5.6) biased, bias — 0; variance — 0 with more data (bounded returns)

per-decision IS same expectation as ordinary IS, often lower variance
Expected Sarsa same expectation as Sarsa, minus the noise of sampling A, ,
Q-learning E [mng] >maxq: positive (maximization) bias

Double Q-learning unbiased for the chosen action; can slightly underestimate

constant a vs 1/n constant a: tracks change, never stops fluctuating; 1/n: converges

This is the Bellman equation of the maximume-likelihood Markov model of the data:
the certainty-equivalence estimate. Solving it directly takes ~|S|? memory and ~|S|3 steps;
TD gets there with |S| memory by sweeping.

Worked example: 8 episodes, a = 0.05, starting from V = (5, —3)

Data: A, 0, B, 0 once; then B alone seven times: four with reward 1, three with 0 (y = 1).

sweeps MC: V(A) MC: V(B) TD: V(A) TD: V(B)
1 4.75 -1.60 4.60 -1.60
5 3.87 0.23 3.63 0.23
20 1.79 0.50 1.93 0.50
100 0.03 0.50 0.52 0.50
400 0.00 0.50 0.50 0.50

MC ends at V(A) = O (its one observed return) and TD at V(A) = 0.5 (= V(B)).

MC's V(A) creeps (factor 0.95 per sweep: one visit), V(B) is fast (factor 0.6: eight visits).
Start from (0, 0) instead and both land on exactly the same values.

Batch vs. normal (online) updating

Normal updating moves V only part of the way toward these batch answers after each step or episode.
Batch TD beats batch MC on the random walk (Example 6.3): its answer uses the Markov structure.

MC's answer can be better when the states aren't truly Markov, since it assumes nothing about what follows.
Batch MC fits the returns it has seen; batch TD fits a model first, then computes that model's values.




